ABSTRACT. We discuss three methods of constructing surface triangulations that do not have short noncontractible cycles (equivalently, that have high representativity). The three methods are: the covering spaces technique, a combinatorial method, and a method that applies hyperbolic geometry. Using the rst method we show that for any genus g and n c 1 g log logg there exists a triangulation of a genus g surface with an n vertex graph such that the representativity is at least c 0
1 are constants). Using the second method we show that for any genus g and n > c 2 g log g there exists a triangulation of a genus g surface with an n vertex graph such that the representativity is at least c 0 2 p n=g p log g (where c 2 ; c 0 2 are constants). Finally, the third method allows us to develop an argument which leads to the conjecture that, for any g and n su ciently large, a surface of genus g can be triangulated with representativity at least c 3 p n=g log g (where c 3 is a constant).
Introduction
Properties of graph embeddings have been recently investigated in a number of papers 1, 20, 19] . Robertson and Seymour 18] introduced the following concept of representativity of a graph embedding. Let G be a graph embedded in a surface . Denote by ( ) the family of all noncontractible closed paths on .
The representativity (or the face width), ( ; G), of an embedded graph G is equal to the minimum over ( ) of the number of intersections of a given path with the graph G. Such a minimal closed path can be chosen in such a way that it cuts G only in vertices, and thus representativity can be equivalently de ned as the length of a shortest noncontractible facial walk (that is, a walk of type v 1 ; f 1 ; v 2 ; f 2 ; : : :; v k ; f k ; v 1 where, for any i, v i is a vertex and f i is a face of the graph). Therefore the representativity of a surface triangulation is equal to the length of the shortest noncontractible cycle (or equivalently to the edge width of the triangulation). Recently much attention has been given to the investigation of how combinatorial and topological properties of an embedding depend on the representativity of the embedding. It has been informally stated 1] that representativity measures how well a given embedding approximates the surface. Robertson and Vitray 19] consider as a major e ect of high representativity the fact that it makes the embedding \highly locally planar" and that \the locally Euclidean property of the surface is mirrored by the locally planar property of the embedded graph".
In this paper, we address the problem of triangulating a surface such that the representativity of the embedding is maximized. Let f( ; n) be the maximum representativity that can be achieved by triangulating the surface with an n vertex graph. Joan Hutchinson 13] showed that if is an orientable surface without boundary then f( ; n) = O( p n=g logg) where g is the genus of the surface 1 . Hutchinson conjectured that f( ; n) = O( p n=g). This conjecture has been disproved by the authors 16] and replaced by the conjecture that f( ; n) = ( p n=g log g) (i.e. a surface of genus g can be triangulated with representativity at least c 3 p n=g log g where c 3 is a constant). Thus, we conjecture that the upper bound given by Hutchinson is tight up to a constant.
Our graph theoretical terminology follows 2]. Thus a cycle in a graph does not have self-intersections while a closed walk can repeat both edges and vertices. Unless otherwise speci ed, we use surface to describe a compact, connected, orientable 2-manifold. Informally, this describes a sphere with g handles (g is the genus of the surface) and d boundary components. We use g;d to denote a genus g surface with d boundary components and we adopt the notation that g = g;0 .
To be consistent with standard topological terminology we assume that a (closed) path on a surface may have self-intersections while a simple (closed) path is not allowed to intersect itself.
A graph is said to be embedded in an orientable surface g;d if it can be drawn on the surface in such a way that no two edges cross and the boundary of the surface (if any) is a part of the graph. If the graph G is embedded in a surface the complement of G relative to is a collection of open sets called open faces. If all of the open faces are open discs, we say that the embedding is a 2-cell embedding. In this paper we will consider only 2-cell embeddings.
An embedding is called a triangulation if every face is bounded by three edges. A cycle C on a surface is called noncontractible if neither of the components of ? C is homeomorphic to an open disc.
The paper is organized as follows. In Section 2, we discuss the covering space technique of constructing triangulations of high representativity. The section contains a proof of a result not published elsewhere, and thus it contains more technical details than the other sections. In Section 2, using the covering space technique, we show that, for any genus g and n c 1 g log logg, f( g ; n) = ( p n=g p log logg) (where c 1 is a constant). A main step of the construction is to obtain triangulations of surfaces with boundary such that the representativity of the triangulation is ( p n=g log log g). Then, based on these triangulations, we construct high representativity triangulations of closed surfaces. The second step involves technicalities that are not important for understanding the covering space method, and we postpone the details of this step to the appendix. To make Section 2 accessible for a reader not familiar with algebraic topology we include various comments and de nitions that may be skipped by a reader familiar with the topic.
In Section 3, we review the combinatorial technique (presented with more details in 17]) which allows us to triangulate a genus g surface with representativity ( p n=g p log g). However we need to assume that n c 2 g logg where c 2 is a constant.
Finally, in Section 4, we relate the problem of constructing a high representativity triangulation with the problem of computing the length of the shortest closed geodesic in a hyperbolic structure. We introduce the notion of an approximation of a surface with a geometrical structure, with the help of a triangulation; and discuss a construction of triangulations that approximate a given hyperbolic structure. This section provides evidence for the conjecture that any genus g surface can be triangulated with representativity ( p n=g log g) for n big enough. As in Section 2, in this section we also give de nitions and informal descriptions that are needed to make the section accessible for a reader not familiar with hyperbolic geometry.
In this paper we concentrate on orientable surfaces. However most of the results presented can be extended to nonorientable surfaces.
We believe the theorem of M.Hall, which we use in the second section of the paper, will nd more applications in covering graph theory. We thank Professor J.McCool for pointing out this theorem to us. We also thank Professors P.Buser and S.Wolpert for helpful discussions. p loglog g using a theorem of M. Hall 9] . 2 In the rst subsection, we provide basic topological facts and de nitions. In the second subsection, we show a construction of a covering space with the property that all simple closed paths that are in preimages of homotopically non-zero closed paths of a base surface are \long" (formal de nitions are provided in Subsection 1). Finally, in the last subsection, we triangulate the surface constructed in the second subsection.
The constants achieved are not the best possible and have been chosen to keep technical computations simple.
Basic De nitions
In this section, we describe the concept of a covering. To minimize technicalities, we restrict this presentation to the case of surfaces. For a more general treatment of the topic see 14, 11] . In this paper, we only use coverings involving surfaces and graphs. It is sometimes convenient to imagine that in a k?fold covering, for each U x from De nition 2.1, there exist k copies of U x in the covering space X each of them mapped onto U x by p.
Having chosen a point x 2 X we can consider the set of all closed paths from x to x. The point x is called a base point for those paths.
De nition 2.3 Two closed paths with a base point x are equivalent relative to the base point x if they are homotopic relative to the base point x (one can be transformed continuously to the other in such a way that endpoints are not moved).
In De nition 2.3, we introduced an equivalence relation on closed paths with a base point. In the de nition below we do not x a base point.
De nition 2.4 Two closed paths are equivalent if they are homotopic (one can be transformed continuously to the other).
Theorem 2.5 The set of equivalence classes of closed paths based at x 2 X forms a group.
The group formed by the set of equivalence classes of closed paths based at x 2 X is denoted by 1 (X; x) and called the fundamental group or the rst homotopy group of X with the base point x.
We use a special kind of covering called a regular covering. This covering has a number of properties which will be useful in the construction. However to de ne regular covering we need a few more facts: A covering (resp., a regular covering) p : e X 7 ! X, de nes a subgroup (resp., a normal subgroup) of 1 (X; x 0 ). Conversely, a subgroup (resp., a normal subgroup) of 1 (X; x 0 ) de nes a covering (resp., a regular covering). The multiplicity (the folding number) of the covering de ned in this way is equal to the index of the subgroup (see 14, 11] ).
The rst homology group (denoted by H 1 (X)) is obtained from the rst homotopy group 1 (X; x 0 ) by abelianization 3 . (Thus in the de nition of the rst homology group there is no need for a base point.) We use h a to denote the abelianization homomorphism (here h a : 1 (X; x 0 ) 7 ! H 1 (X)).
The following standard technique for construction of a regular covering will be used later in the paper. Let G be a group and h a homomorphism h : 1 (X; x 0 ) 7 ! G that is \onto". Then the kernel, ker(h) 1 (X; x 0 ), de nes a regular cover of X. Since the index of ker(h) in 1 (X; x 0 ) is equal to the order, r(G), of the group G, the multiplicity of the covering is equal to r(G).
We divide all simple closed paths on a surface into two classes: a simple closed paths on surface X is called a separating path if X ? is disconnected, and otherwise it is called a nonseparating path. More generally we divide all closed paths into homologically non-trivial paths (this generalizes non-separating closed simple paths and homologically trivial closed paths (this generalizes separating closed simple paths).
Let be a path on the surface X which begins at x and ends at y. Letx 2 p ?1 (x). Then uniquely de nes the path fromx to someỹ whereỹ 2 p ?1 (y).
Assume that is a closed path with a base point x. Let k denote the closed path composed of the sequence of k paths . Consider the smallest number r such that the path in the covering space which starts atx and corresponds to r is closed. We call the number r the developing number of with respect to the given covering of with base points x;x. The closed path which corresponds to r in the covering space is called a generalized lift of in the given covering and with the given base point. consecutive) letters in g are inverses of each other. Let G be a free group with a free generating set fa 1 ; a 2 ; : : :; a k g and let g 2 G. The length, jgj, of g is the number of symbols in g where g is represented by a reduced word.
Construction of the Covering Space
Our goal is to show how to construct a triangulation without short noncontractible cycles. In our construction we start with 1;1 which is the simplest surface with boundary and non-zero genus. Then we construct any surface g ( g > 1) by constructing covering surfaces of 1;1 with the property that all generalized lifts of any \short" nontrivial closed path on 1;1 are \long", gluing them together along boundary components, and capping o the remaining boundary components with discs.
In this section, we show how to construct a regular covering of 1;1 (the punctured torus) in which all generalized lifts of any \short" closed path are \long". We start with introducing a combinatorial measure of the length of a closed path, called complexity. De nition 2.9 The complexity of a closed path on 1;1 is de ned to be the length of a cyclically reduced word over Z that describes the homotopy class of .
Informally, if we measure the length of a path by the number of crossings of the given path with x and y then the complexity of a closed path is the length of the shortest path over all paths that are equivalent to and are in general position with respect to intervals x and y.
De nition 2.10 Let X be a covering space of 1;1 . Then the complexity of a closed path on X is equal to the complexity of its projection on the base surface.
The following properties of a regular covering are crucial for our construction:
P3: The complexity of a generalized lift of with developing number r is equal to r times the complexity of . In particular the complexity of a generalized lift of is always greater than or equal to the complexity of . This follows from the simple fact that if w is a cyclically reduced word then w r is also cyclically reduced and jw r j = rjwj. P4: Two paths whose projections on 1;1 are homotopic have equal complexities. In particular, the complexities of two homotopic paths are equal.
For any constant l, we are going to construct a covering space of 1;1 such that for any closed path C on 1;1 the complexity of any generalized lift of C is at least l. By property P4, it su ces to work only with representatives of homotopy classes. The following lemma gives an upper bound on the number of di erent homotopy classes of complexity less than l. 
The Basic Idea of the Construction
Let l be a constant. We construct a covering in which all generalized lifts of any homotopically nontrivial closed path on 1;1 have complexity at least l. To do this, for any homotopically nontrivial closed path, we construct a regular covering of 1;1 such that all generalized lifts of a given path (thus also of all closed paths in the same homotopy class) have complexity at least l. We use a di erent technique for homologically trivial and homologically nontrivial closed paths. Finally, we construct a regular covering that is a common covering for all coverings constructed before. In this regular covering of 1;1 all generalized lifts of all homotopically nontrivial closed paths 1;1 have complexity at least l.
Lifting a Homologically Nontrivial Closed Path
In this subsection we construct a regular covering of 1;1 with the property that every generalized lift of a xed closed, non-zero-homologous path has complexity at least l, where l is a constant.
We start with the following lemma.
Lemma 2.12 Let be a surface with boundary and let fb 1 ; : : :; b k g be a base of H 1 ( ). Let be a xed closed non-zero-homologous path on such that h a ( ) = ib 1 , where h a is the abelianization homomorphism and i is a non-zero integer. Then for any constant s there exists a regular s-fold covering p : e 7 ! such that the developing number of is equal to s gcd(s;i) .
Proof: We use the construction described in Subsection 2. The composition h h a is \onto" so the kernel ker(h h a ) de nes an s-fold regular covering of . Let~ be a generalized lift of . Since r = s gcd(s;i) is the smallest number such that h h a ( r ) = 0, the developing number of equals to r. 2 We will use the following two corollaries to this lemma. Corollary 2.13 For a non-zero-homologous closed path on 1;1 there exists a regular s-fold covering such that any generalized lift of has complexity at least s.
Proof: Choose B = fx; yg to be the basis of H 1 ( 1;1 ) (recall the de nition of B from the beginning of this section). Since is non-zero-homologous we can write h a ( ) = i 1 x + i 2 y where i 1 6 = 0 or i 2 6 = 0. Assume that i 1 The covering announced at the beginning of this subsection is guaranteed by Corollary 2.13 applied with s = l.
Lifting a Homologically Trivial Closed Path
Let be a homotopically nontrivial closed path that is homologous to zero and let l be a constant. In this subsection we construct a regular covering of generalized lift of is homologically nontrivial. Then, to this particular lift of , we apply the construction from the previous subsection. We obtain a (not necessarily regular) covering of 1;1 in which at least one generalized lift of has complexity at least l. Finally, we construct a regular covering of 1;1 with the required property.
The following theorem, which is a special case of a theorem of M. Hall 9, 3, 10, 21] , will be used in the proof of the main theorem of this subsection. Since we need to refer to some facts from the proof of the theorem, for the completeness of the presentation, we give a proof of this special case. Theorem 2.15 (Hall) Let G be a nitely generated free group and w a nontrivial element of G (i.e. w 6 = 1). Then there exists a subgroup H of G of nite index such that w is an element of a free generating set of H.
Proof: Let A = fa 1 ; a 2 ; : : :; a k g be a free generating set of G. Let ? be the wedge of oriented circles with vertex x 0 and edges labeled with elements from A (see Figure 2. 3). Thus 1 (?; x 0 ) = G.
We can assume, without loss of generality, that w is represented by a cyclically reduced word. Otherwise we can write w = gw 0 g ?1 where w 0 is cyclically reduced and g 2 G. If H 0 is a subgroup of G that has the properties of the theorem with respect to w 0 then H = gH 0 g ?1 also has the properties of the theorem with respect to w and the index of H equals the index of H 0 .
Let W be the subgroup of G generated by w, let p : e Proof: Let B = fx; yg be the base of 1 ( 1;1 ) chosen at the beginning of Section 2.2. Consider the l-fold covering, p x : x 7 ! 1;1 , constructed as in Corollary 2.13 for the closed path corresponding to x. Let 1;1 be the boundary of 1;1 . Because 1;1 is a homologically trivial, its developing number in this covering is equal to one. Thus, the covering space x has l boundary components. Since our m-fold covering of 1;1 is also a covering of x it follows that l d. On the other hand, 1;1 is a homologically trivial closed path with complexity 4. Therefore, by Theorem 2.18, we apply to this path the construction from Theorem 2.15 prior to the construction of the common covering. This implies that the developing number of the boundary component is at least l. Since the complexity of 1;1 is four, the complexity of a generalized lift of 1;1 is at least 4l. Furthermore if g 2 8 10 then N g 5 3 g log logg and otherwise N g 7g.
The Combinatorial Technique
In this section we sketch a combinatorial technique that allows us to construct triangulations of high representativity. For a full presentation we refer the reader to 17]. We use a result of Erd os and Sachs 7, 8] and a method similar to that used by Buser 4] . To describe the result of Erd os and Sachs we need to introduce a few more de nitions. Let G be a graph with at least one cycle. The girth of G is equal to the length of the shortest cycle in G. The number of edges incident with a vertex is called the valency of the vertex (a loop is counted twice). A graph all of whose vertices have valency 3 is called a cubic graph.
The following theorem is a special case of theorem of Erd os and Sachs 7, 8].
Theorem 3.1 ( 7, 8] 
The Hyperbolic Geometry Technique
A graph that is embedded in a surface can be considered as a structure that approximates this surface. In this context the representativity of a graph is often viewed as a parameter of the approximation. In this section we formalize the concept of approximating an orientable surface with the help of a triangulation. We relate the problem of the approximation of a surface to a geometrical structure of the surface (i.e. a spherical, a Euclidean, or a hyperbolic structure depending on the Euler characteristic of a surface). We discuss whether the representativity of a triangulation can be used to measure how good the approximation is.
Informally, when approximating a surface with the help of a triangulation, we would like to spread the vertices of the triangulation evenly on the surface. If we adopt this intuition, an approximation should depend on the metrical properties of a surface. The metric of a surface is determined by a geometrical structure of the surface. We will give an informal description of the notion of a geometrical structure later in this section. It is important to note that a surface has many geometrical structures. Therefore a triangulation which is a \good approximation" of one of the structures may not be a \good approximation" of another one. The representativity of the rst triangulation is p n, and the representativity of the second triangulation is p n 2 . One may ask which of our two triangulations approximates the torus better. Informally, these two triangulations approximate two di erent Euclidean structures of the torus. (The metrics on the tori are induced by the Euclidean metric on the plane taking into account the identi cations of edges of the rectangles (see Figure 4 .1)). One cannot claim that one of the triangulations presented in Figure 4 .1 approximates the torus better than the other. However, the rst triangulation approximates a geometrical structure that has a bigger injectivity radius (that is, the maximum radius of a ball which can be embedded in the surface with an arbitrary point of the surface as its center). Thus paraphrasing the terminology of Robertson and Vitray, the rst triangulation is more \locally planar" than the other.
A surface of genus greater than one possesses a hyperbolic structure. Below, we introduce informally the notion of the hyperbolic structure. It will be modeled on the hyperbolic plane, H 2 , which we de ne rst. For a formal discussion of the topic we refer the reader to 22].
We use the Poincar e model of H (that is, we do the gluing in such a way that the metrics on the common part of any two pieces are identical). Below we show a practical construction of a hyperbolic structure on a surface of genus g > 1 (see Figure 4. 2). Consider a regular 4g-gon in the hyperbolic plane with vertex angle =2g and identi cation of the opposite sides (where the sides of the polygon are drawn along geodesics). This identi cation gives a hyperbolic structure on a surface of genus g. 7 To see this, note that identi ed edges have the same hyperbolic length, all vertices of the polygon are identi ed to one vertex, and the sum of all angles along this vertex is equal to 2 . (Note that the last property is not true when we work with the Euclidean regular 4g-gon).
Since the area of a triangle with angles ; ; is equal to ?( + + ) we can easily check that the area of the constructed hyperbolic structure is equal to 2 (2g ? 2). This fact is true for any hyperbolic structure on a surface of genus g > 1 and is known as the Gauss-Bonnet theorem.
Theorem 4.1 (Gauss-Bonnet) The area of a hyperbolic surface of genus g > 1 is equal to ?2 ( g ) = 2 (2g ? 2).
Consider a surface together with a metricd. Now we introduce the denition of an approximation of a pair ( ;d) with the help of a triangulation.
Let T be a triangulation of and let u; v be two vertices of T. Let be a curve on joining u and v (if u = v then is a closed curve). We de nê d (u; v) (respectively, d (u; v)) to be the length of the shortest curve in ( ;d) (respectively, the shortest path in T) joining u and v that is homotopic to relative to u and v.
De nition 4.2 We say that a triangulation T of a surface is a -approximation of (where 0 < 1) with respect to the metricd if and only if for every two vertices u; v of T, and any path on joining u and v, the following is true:
We treat the factor q n g as a \scaling" factor (we will discuss this in more detail later). In what follows we assume thatd is a hyperbolic metric.
Conjecture 4.3 There exists a constant (0 < 1) such that, for any hyperbolic surface and n g there exists an n vertex triangulation that is a -approximation of . Conversely, for any triangulation T of a surface g of genus greater than one, there exists a hyperbolic structure that is ?approximated by T.
Observe that if a triangulation T is a -approximation of a surface then the subdivision T i of T (recall Figure 2.1) is a 0 -approximation of the same surface where, for n(T) g, 0 is approximately equal to . To see this observe that in a single subdivision step the distance between any two vertices increases 2 times while the number of vertices grows approximately 4 times (recall formula (1) from the proof of Lemma 2.28).
We discuss now arguments towards Conjecture 4.3. We split the discussion into two parts.
Part I. First we would like to argue that, for any hyperbolic structure, there is a triangulation which approximates this structure up to some constant factor. Assume that we spread n vertices evenly on the surface 8 . Then n 2 (2g?2) gives the \density" of the vertices of the triangulation.
We require that our \evenly spread" triangulation has the following properties:
There ; 5 14 ].
Part II. We would like to show that given a triangulation of a genus g surface, one can construct a hyperbolic structure which is approximated by this triangulation. The following theorem could be an important step towards such construction. If Conjecture 4.3 is true then to obtain a triangulation of maximal representativity we need to nd a triangulation that approximates the hyperbolic surface with maximal shortest geodesic. The length of the shortest geodesic is equal to twice the injectivity radius. Unfortunately, for g > 1, it is not known either what the value of the maximum injectivity radius is or which hyperbolic structure achieves this maximum. However if Conjecture 4.3 is true then a lower bound for the length of the shortest nontrivial geodesic could be used to to get a lower bound for the length of the shortest noncontractible cycle and vice versa.
Let '( g ) denote the maximum over all hyperbolic structures of g of the length of the shortest geodesic. Using Theorem 3.1 Buser 4] proved that '( g ) = ( p lng). Using a simple area argument, it is not di cult to prove that '( g ) 2 ln4g 4]. Thus the best currently known upper and lower bounds for the length of the shortest noncontractible cycle and the length of the shortest geodesic agree. Conjecture 4.6 There exists a constant such that for any g > 1 there exists a hyperbolic surface of genus g whose shortest geodesic is at least log g where is a constant.
To motivate this conjecture consider the geometric structure presented in Figure 4 .2. In this structure the edges and the diameters (from the midpoint of an edge to the midpoint of the opposite edge) have length 2arc cosh ctg( =4g). For big g this value can be approximated by lng. If one could prove that these edges and diameters are the shortest geodesics of this structure the Conjecture 4.6 would be proven.
Note, that Conjecture 4.3, part Ia, and Conjecture 4.6 imply the following conjecture Conjecture 4.7 f( g ; n) = ( r n g log g):
5 Appendix:
In the Appendix, we show how the construction of Section 2.2 can be used to obtain triangulations of closed surfaces with representativity claimed in Theorem 2.21.
To get a triangulation of a closed surface (that is, a surface without boundary ) from one or more surfaces with boundary we need to cap o boundary components with discs or glue pairs of boundary components using an annular collar. Discs and/or annuli should be triangulated in such a way that the identi cation does not introduce noncontractible cycles of length less than l. The following simple lemmas describe triangulations of discs and annuli that have the required property.
Consider a triangulation of an annulus with two boundary components 1 A; 2 A. Let v; u be two vertices of this triangulation that belong to the same boundary component. We use (v; u) to denote the length of shortest paths between u and v that entirely belong to the boundary component.
Lemma 5.1 Consider a triangulation of an annulus as presented in Figure   5 .1 a. The boundary components are cycles of length k and the depth of the triangulation is j. This triangulation has the following properties;
1. The number of vertices of the triangulation is (k + 1)j.
2. Each noncontractible cycle has length at least k.
3. Any path joining di erent boundary component has length at least j. 4 . Any path joining two vertices, u and v, from the same boundary component has length at least (u; v). Now we are in the position to give a lower bound for the function f(g; n) that is, for the maximum representativity of an n-vertex triangulation of a closed surface of genus g. To illustrate our approach we start with the following example. q N g =g p log logg:
Furthermore if g 2 8 10 then N g < 5 3 g log logg, and otherwise N g 7g. We consider separately the cases of l < 11 and l 11. CASE I: g 2 8 10 (i.e. l 11). Let g = ig l + k where k < g l . Since g l < 2 8 l?1 =l 4l 2 we have i l 4l 2 . Construct g and T g as follows. Consider i copies of gl;d and k copies of 1;2 . Each copy of gl;d is triangulated with T gl as in Example 5.6. Each copy of 1;2 is triangulated with (T 1;2 ) kl , where (T 1;2 ) i is de ned as in Lemma 5.5 and k l = dlog l 3 e ( that is l 3 2 kl < 2l). Note that (T 1;2 ) kl and T gl;d have representativity at least l. Furthermore, for l > 4, each boundary component of T gl;d has at least 4l vertices and each boundary component of (T 1;2 ) kl has less than 2l vertices. Now we glue together i copies T gl;d and k copies of (T 1;2 ) kl as in Figure 5 .4 using collars triangulated as in Lemma 5.5. Figure 5 .4 Then we cap o remaining boundary components with discs triangulated as in Lemma 5.2. The resulting surface has genus g and is triangulated with representativity at least l. After approximating the number of vertices used in this triangulation (see a more detailed calculation below) we obtain the inequality stated in the lemma.
CASE II: g < 2 8 10 .
If g 4 then we construct g and its triangulation T g , by cyclically gluing g ? 1 copies of T 1;2 as in Figure 5 .5. The representativity of T 1;2 is three. If the gluing of g ? 1 copies of T 1;2 is done carefully then we do not introduce cycles of length two. Therefore ( g ; T g ) = 3. The number of vertices is equal to 4(g ? 1) . Therefore n g < 4 and so n < 4g: Finally q n g p loglog g 2 p loglog g < 2 p 3 10 < 12 = 4 ( g ; T g ): Figure 5 .5 For 1 < g < 4, g and its triangulation T g is obtained by gluing g copies of T 1;2 (as before one has to be careful not to introduce noncontractible cycles of length two) and cupping o two remaining boundary components by discs triangulated as in Lemma 5.2 with j = 1. The representativity of the triangulation is 3. The number of vertices is equal to 4g + 4 + 2 = 4g + 6. Therefore n g < 4 + 6 g 7: Finally r n g p loglog g p 7 < 12:
Now we give a more detailed computation for case I. CASE I : Details of the computation. First we approximate the number, n, of vertices of T g .
-By Lemma 5.5, the total number of vertices on copies of (T 1;2 ) kl (not counting annuli connecting them ) is k(6 4 dlog l 3 e + 2 dlog l 3 e+2 ? 2) k(6 4( l 
For any n there exists i such that n i+1 > n n i . By (1) and by the assumption of the lemma it follows that n i+1 4n i + 3"
1 ? " n 0 :
But, for any i, we have n i n 0 , and so n i+1 4n i + 3"
1 ? " n i = n i (4 + 3" 1 ? " ):
Thus n i n i+1 1 ? " 4 ? " :
Observe that if we subtriangulate a triangle using one additional vertex as in Figure 5 .6 then we do not decrease the representativity of the triangulation. 
